As typical underactuated systems, tower crane systems present complicated nonlinear dynamics. For simplicity, the payload swing is traditionally modeled as a single-pendulum in existing works. Actually, when the hook mass is close to the payload mass, or the size of the payload is large, a tower crane may exhibit double-pendulum effects. In addition, existing control methods assume that the hook and the payload only swing in a plane. To tackle the aforementioned practical problems, we establish the dynamical model of the tower cranes with double-pendulum and spherical-pendulum effects. Then, on this basis, an energy-based controller is designed and analyzed using the established dynamic model. To further obtain rapid hook and payload swing suppression and elimination, the swing part is introduced to the energy-based controller. Lyapunov techniques and LaSalle's invariance theorem are provided to demonstrate the asymptotic stability of the closed-loop system and the convergence of the system states. Simulation results are illustrated to verify the correctness and effectiveness of the designed controller.
Introduction
To transfer heavy payloads to the desired location, tower cranes have been widely used in many fields, such as construction sites. Compared with other cranes, tower cranes have the advantage of having a small footprint-to-workspace ratio, and the disadvantage of complicated nonlinear dynamics due to the rational characteristics of the cranes. Like other cranes, tower cranes are typically underactuated nonlinear systems, positioning and sway suppression/elimination are the preliminary task. [1] [2] [3] [4] [5] [6] Till now, the control issues of tower cranes are still open and challenging.
During the past several decades, many researchers have kept a watchful eye on dealing with the control problem of tower crane systems, and a lot of works have been reported. Two common open-loop controllers are input shaping [7] [8] [9] and optimal velocity control, 10 which are simple and, hence, easy to be implemented in practical applications. However, their control performance might be influenced by external disturbances and parametric uncertainties. To improve the robustness, some closed-loop control methods including gain scheduling feedback control, 11 laser-based path tracking control, 12 model predictive control, 13 recurrent neural network-based control, 14 energy-based control, 15 and adaptive sliding mode control (SMC) method 16 are designed for tower crane systems.
However, the abovementioned control methods completely neglect the hook mass and the distance between the hook's CoG (center of gravity) and the payload's CoG, and on this basis, treat the payload swing as that of a single-pendulum. In some situations, the payload mass cannot be neglected, and the payload size is usually large. On this occasion, the payload will rotate around the hook, that is, double-pendulum effects. Compared with the single-pendulum model, the double-pendulum model is much closer to the actual condition. Therefore, although the double-pendulum tower cranes present more complicated dynamics, the study of their control problem is of both theoretical and applied interest. Vaughan et al. 17 and Zhang et al. 18 using the simplified model, an input shaping controller is proposed to eliminate the residual swing. However, the input shaping method belongs to the open-loop control method, and it is sensitive to external disturbances. Moreover, it needs to assume that the hook and the payload only swing in a plane. In fact, the swing of the hook and the payload is not constrained in a plane, but will deviate from the original swing plane to a sphere, that is, the spherical pendulum. Therefore, we establish the dynamic model for tower cranes with double-pendulum and sphericalpendulum effects first. Then, an energy-based control method with hook and payload sway reduction is proposed. After that, Lyapunov techniques and LaSalle's invariance theorem are utilized to demonstrate the stability of the closed-loop system and the convergence the states. Finally, simulation results are provided to show the correctness and effectiveness of the designed energy-based controller with hook and payload sway reduction.
The main contribution of this paper is concluded as follows.
1. The dynamic model of the tower crane system with double-pendulum and spherical-pendulum effects is established, which provides a model for realizing positioning and sway reduction control. 2. The proposed controller is simple; therefore, it is easy to be implemented in practical applications.
This paper is organized as follows. The dynamics of tower crane systems with double-pendulum and spherical-pendulum effects are described in section ''Dynamic model of tower crane systems with doublependulum and spherical-pendulum effects.'' In section ''Energy-based controller with hook and payload sway reduction,'' energy-based controller with hook/payload swing suppression and elimination is designed. In section ''Stability analysis,'' stability analysis is provided. Simulation results are given to show the superior control performance of the proposed controller in section ''Simulation results and analysis.'' Section ''Conclusion'' gives some concluding remarks.
Dynamic model of tower crane systems with double-pendulum and sphericalpendulum effects
In this section, the dynamic model of the tower crane system with double-pendulum effects is established. Figure 1 gives the schematic diagram of tower crane systems with double-pendulum effects. As can be seen from Figure 1 , the position vectors of the trolley, the hook, and the payload can be obtained as
where x represents the trolley displacement; l 1 and l 2 denote the distance between the trolley and the hook, and the distance between the hook and the payload, respectively; and S 1 , S 2 , S 3 , S 4 , C 1 , C 2 , C 3 , and C 4 stand for the abbreviations of sin u 1 , sin u 2 , sin u 3 , sin u 3 , sin u 4 , cos u 1 , cos u 2 , cos u 3 , and cos u 4 , respectively.
The angular velocity vector of the tower systems with double-pendulum effects is denoted as
where f represents the jib slew angle. The velocity vectors of the trolley, the hook, and the payload are as follows v m = dp m dt
with J being the moment of inertia of the jib, E standing for the kinematic energy of the system, M t representing the trolley mass, and m 1 and m 2 denoting for hook mass and the payload mass, respectively. The potential energy of tower crane systems with double-pendulum effects is given by
where g stands for the gravitational acceleration and P denotes the potential of the energy.
The Lagrangian E is defined as
It follows from equations (8)-(10) that
Using the following Lagrange equation
it can be obtained that
where M denotes the slew control torque and M f represents the friction torque. In a similar way, the following results are obtained as follows
with F represents the translation control force; F f denotes the friction force; S 1À3 and C 1À3 stand for the abbreviations of sin (u 1 À u 3 ) and cos (u 1 À u 3 ), respectively; and d f1 and d f2 are air friction-related coefficients. The detailed expressions of M f and F f are defined as follows [19] [20] [21] M
with f rof , k rf , f rox , and k rx are friction-related parameters.
In practical applications, the payload is always beneath the jib. Therefore, the following assumption is reasonable.
Assumption 1: The payload swing angles satisfy [22] [23] [24] 
Energy-based controller with hook and payload sway reduction
Taking the time derivative of equation (24) and substituting equations (15)- (20) into the resulting equation yields
where C q, _ q ð Þ denotes the centripetal-Coriolis matrix, U stands for the control vector, and G q ð Þ represents the gravity vector, and the property j T ½(1=2) _ M (q)À C(q, _ q)j = 0, 8j 2 R 6 25,26 is used. The detail expressions of U and G q ð Þ are given as follows
group, the proposed controller is compared with the proportional-derivative (PD) controller. Then, the robustness of the proposed controller with respect to sudden changes of payload mass, cable length, and initial payload swings, and external disturbances is verified in the second group. The parameters of the tower crane system with double-pendulum and spherical-pendulum effects are set as follows Simulation group 1: In this group, to better show the control performance of the proposed energy-based control method with hook and payload sway reduction, we compare it with the PD controller.
By trial and error method, the control gains of the proposed control method and the PD control method are chosen as shown in Table 1 . The simulation results are shown in Figures 2 and 3 . It is seen that with similar transportation time for positioning (both within 5 s), the proposed energy-based control method with hook and payload sway reduction shows better swing suppression and elimination effects. More precisely, the hook/payload swing angles are suppressed and eliminated within a smaller range by the designed controller (u 1 max = 3:1 deg, u 2 max = 1:9 deg, Simulation group 2: In this group, to further verify the robustness of the designed controller, the following four cases are taken into consideration. Case 1: Sudden change of the payload mass m 2 . The payload mass m 2 is changed from 0.5 to 1 kg at t = 3 s, while its nominal value is still kept the same as it in simulation group 1.
Case 2: Sudden change of the cable length l 1 . The cable length is changed from 1 to 1.5 m at t = 2 s, while its nominal value is still kept the same as it in simulation group 1. positioning and swing suppression and elimination, is not affected much by sudden change of the payload mass and the cable length, implying that it is robust with respect to system parameters. It is noted from Figures 6 and 7 that the initial payload swing angles and the unexpected external disturbances are attenuated and damped out by the suggested control method. It can be concluded from the above analysis that the proposed controller shows strong robustness.
Conclusion
In this paper, using Lagrange's method, we model the tower cranes with double-pendulum and sphericalpendulum effects. On this basis, the energy-based controller with hook and payload reduction is proposed. We use Lyapunov techniques and LaSalle's invariance theorem to validate the stability. Numerical results are provided to validate the superior control performance of the designed energy-based sway reduction controller.
To the best of our knowledge, it is the first closed-loop method for tower cranes with double-pendulum and spherical-pendulum effects. In our future work, the experimental results will be provided to prove the practical control performance of the designed controller.
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